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If the "index theorem" for Fredholm operators sometimes hold in the absence of an index [4] , then also it sometimes fails in the presence of and index. indeed the essence of this extends [4] to pairs (S, T) for which S, T and ST all have "generalized inverses". When (0.9) holds we shall say that the pair (S, T) has the index property. Our first observation is that this does not hold universally:
1. Example. If T = W : X -► Y = X is one-one and dense and if S = I -f Q e: X ^Z = X with (1.1) f(e)= 1 and e £ W(X), then (S, T) does not have the index property.
Proof. The rank one operator f Q e sends vectors x G X into f(x)e, and S = S is a projection, which is Fredholm of index zero. The operator T is "weakly invertible", therefore also has index zero. Since T has dense range there is equality
we claim that also we use the analogue of (3.5) with (Tf ,Sf) in place of (S,T): if either 5 is bounded below so that S is onto, or T is onto so that 7^ is one-one, there is equality s\z]) n rt_1(0) = rt_1(0). Taking it now follows that P is in the "double commutant" of S" , and in particular commutes with S, T and ST. We can therefore write 
